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ABSTRACT: It was shown that the spin chain model coming from AdS/CFT correspondence
satisfies the Yangian symmetry if we assume evaluation representation, though so far there
is no explicit proof that the evaluation representation satisfies the Serre relation, which
is one of the defining equations of the Yangian algebra imposing constraints on the whole
algebraic structure. We prove completely that the evaluation representation adopted in
the model satisfies the Serre relation by introducing a three-dimensional gamma matrix.
After studying the Serre relation, we proceed to the whole Yangian algebraic structure,
where we find that the conventional construction of higher grade generators is singular and
we propose an alternative construction. In the discussion of the higher grade generators,
a great simplification for the proof of the Serre relation is found. Using this expression,
we further show that the proof is lifted to the exceptional superalgebra, which is a non-
degenerate deformation of the original superalgebra.
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1 Introduction

It is no doubt that Yang-Mills theory plays important roles in understanding the modern
particle physics. Especially, the maximally super Yang-Mills theory enjoys an interesting
theoretical property. Since the maximally super Yang-Mills theory is conjectured to be
dual to string theory on AdSs x S° with RR flux background [1], it is expected that the
super Yang-Mills theory can be used to describe string theory as various matrix models
describe various string theories.

In this context, it is exciting to find [2] that the one-loop anomalous dimension of
Yang-Mills theory is mapped explicitly to the Hamiltonian of an integrable spin chain
model, because infinite generators of the integrable model may play a central role in study-
ing string theory on the curved spacetime,! as the Virasoro generators play on the flat
spacetime. Therefore, it is aspiring to understand the whole integrable algebraic structure
with infinite generators completely.

"More directly, the study of integrability in the string worldsheet theory was initiated in [3-5]. Due to
the difficulty of the x-symmetry, here we would like to explore the integrability from the Yang-Mills side.



The analysis is pushed further to the all-loop level. Fixing one direction as the vacuum,
the original dynamic spin chain of the superconformal symmetry psu(2,2|4) is broken down
to two copies of undynamic ones of psu(2|2) with some common central charges [6, 7].
Especially, an off-shell formalism with the centrally extended superalgebra psu(2[2) x R3
was proposed in [8]. Then, it is surprising to find that the R-matrix,? which is determined
uniquely (up to an overall factor) by requiring this Lie algebraic symmetry psu(2[2) x R3,
enjoys the Yang-Baxter equation, which implies the integrability. Besides, it was also
shown [9] that the R-matrix has the grade-1 Yangian symmetry if we assume the evaluation
representation for the Yangian algebra. Later, the Yangian algebra with the evaluation
representation also turns out to be crucial in determining the R-matrix of bound states [10].

The Yangian algebra consists of infinitely graded generators J2. (See [11] for the
original work and [12] for a review.) The grade-0 generator J; = 3 is that of the standard

Lie algebra [J4,3%] = 3¢ fcAP (with the superscript on the left and the subscript on the
right, as the canonical position of the spinor indices), satisfying the Jacobi identity,

[34, 135, 3C0 + (—)ABIHCD 3B [5¢ 347 4 (—)ICIIAHIBD 3¢ 54 38 = 0. (1.1)

Note that we consider the superalgebra, where the commutator and the anticommutator
(which will appear later) denote the generalized ones [34,3%] = A8 — (—)AIBIgBEFA,
{34,381 = 3438 + (—)AIBI3B3A with |A] = 0 (JA| = 1) for the bosonic (fermionic) gen-
erator J4.

The grade-1 generator J{‘ = §A

, with the commutation relations with the Lie algebra
generator [J4,35] = [34,3%] = 3 fcAP, satisfies further the Serre relation,

~ o~

[§A’ [§B730H + (_)\A|(\B\+|C\)[§B’ [307314“ + (_)\C|(\A|+\B\)[§C’ [314733“
hQ
_ __(_)|I|(\B\+|JHICHIK\)+\J|(\C|+\K|){3L73M73N}fLAIfMBJfNCKfIJK7 (1.2)

where the generalized totally symmetrized product is

{JL,JM, ~N} :{3L,3M}3N + (_)|L|(‘M|—HN|){3M’3N}3L
+ (=) INIQEHIM f3N S IAgM (1.3)

Here the complicated-looking sign (—)/IUBIHJIHCIHEDHIICIHIED in (1.2) can be sim-
ply interpreted as the Grassmannian charge which appears if we exchange the order
of the indices to contract the subscripts I,.J, K in frjx with the same superscripts in
IEFrAIM £ BTN fCK in the canonical position. Serre relation in the simple Lie al-
gebra imposes constraints on the construction of full root system from the simple roots.
Here in the Yangian algebra, the Serre relation (1.2) puts constraints on the construction
of higher grade generators. Therefore, it is obvious that the Serre relation is important in
studying the whole integrable algebraic structure with the higher grade generators.

2The R-matrix is related to the scattering matrix in the context of physics. Usually, the R-matrix is
determined from both the Lie algebra and the grade-1 Yangian algebra. We believe that the reason that
the R-matrix is determined only from the Lie algebra is because the off-shell formalism with three central
charges contains the non-local information which is usually carried by the Yangian algebra.



Some representations of the Lie algebra g admit the evaluation representations for
the corresponding Yangian algebra Y (g), which require the representation of the higher
grade generators to relate to that of the Lie algebra by 3£ ~ (iu)"J4 with the spectral
parameter u. The physical meaning of the evaluation representation is not very clear, but
since the evaluation representation takes a similar appearance as the affine Lie algebra
of conformal field theory and since the classical limit of the R-matrix with the Yangian
symmetry takes the canonical form

S S i:ﬁ“ ®Ja (1.4)
i(ul — UQ) =0 —n—1 w
with the two-site Casimir operator 71% =34 @34 =34238 gBA, which is reminiscent
of the KZ equation of the WZW model, it is natural to expect that the evaluation
representation has a close relation with the classical limit of the string worldsheet theory.
The classical limit of the psu(2|2) x R3 spin chain model was investigated in [13-16].

Although it was found that the R-matrix has the grade-1 Yangian coproduct symmetry
if we adopt the evaluation representation, it has not been shown explicitly so far that the
evaluation representation is compatible with the Serre relation.? One of the main subjects
in this paper is to study the compatibility. Namely, since, in the evaluation representation
34 ~ iud4, the left-hand-side of the Serre relation (1.2) reduces to that of the Jacobi
identity (1.1), the right-hand-side of the Serre relation (1.2) has to vanish when acting on
any states. We will prove it extensively in the following sections.

One reason that this computation has not been done before is because of the degeneracy
of the Killing form of the superalgebra psu(2|2) x R3. In studying the Serre relation, we
have to raise and lower the indices frequently and it is impossible to proceed if the Killing
form is degenerate. In [8, 16], it was shown that the algebra is a special limit (¢ — 0)
of the exceptional superalgebra 9(2,1;¢) with a parameter ¢, whose Killing form is non-
degenerate and, therefore, many algebraic properties can be studied in this e-deformation.
Motivated by its non-degeneracy, we also constructed an infinite-dimensional representation
of the exceptional superalgebra 0(2,1;¢) in [16], which is a natural lift of the fundamental
representation of the superalgebra psu(2[2) x R3.

Another difficulty is due to the complexity of the structure constants. In order to study
the Serre relation, let us read off the Killing form g4p from the two-site Casimir operator,*

T3 = —aR% @R, — BLY% @ £, — 1€% @ €% — enpeapeanT ®® @ 370, (1.5)
and spell out the non-zero structure constant from the commutation relations

2 b/ / / / ’ b/ (6% / ,
fmaa/mbb’mcc’ = ((Sa 65 (Sg - 62 6g 66 ), f&aaugbﬁbgqcc/ = E(Eac(sg + Ebc(sg )Eaﬁﬁab,

3The relation between the current Drinfeld first realization and an alternative Drinfeld second realization

was investigated in [17], where the evaluation representation in the second realization was also studied. It
was shown that two different evaluation parameters have to be introduced. In our following analysis in the
first realization, we do not see any signs of the appearance of two evaluation parameters. We would like to
see the relation between these two facts and the possibility of avoiding the situation with two parameters
even in the second realization.

4We have omitted the braiding factors appearing in the tensor product for notational simplicity, which
are actually necessary in the off-shell formalism [8, 18].



VY Y, B ’ ,
feo 08,00, = 0200 0305 =005 07), fyeaapivgy , = 5 €ab(€ardy + €508 eab,

I o /ool ~p Yy /
fqua/Q:bblccu = ")/2((52 (5; (5? — 5; 58 5? ), f&aau&bﬁb@cc/ = Eﬁabﬁag(eacég + Gbc(sg ) (16)

If we plug these structure constants into the Serre relation, we can easily get stranded
because of the complexity of 2* = 16 terms, which comes from four structure constants
with each consisting of two terms.

In this paper,”> we shall regard su(2) as so(3) and define a three-dimensional gamma
matrix. Then, all of the structure constants (1.6) can be rewritten in a simple form in
terms of the gamma matrix. With lots of formulas of the gamma matrix, the computation
can be done without difficulty as that of scattering amplitudes of fermions.

After proving that the evaluation representation is compatible with the Serre relation,
we proceed to construct higher grade generators. We find a novel subtle structure, suggest-
ing that the canonical expression of the higher grade generators has to be improved. We
propose a resolution to this subtlety. Our resolution further implies a great simplification
for the proof of the compatibility. Hence, subsequently, we come back to the non-degenerate
deformation of the exceptional superalgebra 9(2,1;¢) and prove that the compatibility of
the evaluation representation is also lifted the exceptional superalgebra 2(2,1;¢).

In the next section, after recapitulating the algebra shortly, we reformulate the algebra
and the representation by introducing a three-dimensional gamma matrix. Then, in section
3, we prove that the evaluation representation is compatible with the Serre relation. After
the proof, we proceed to the higher grade generators in section 4. And in section 5 we
present a proof of the compatibility for the case of the exceptional superalgebra. Finally,
we conclude in section 6. In appendix A, we show how the Serre relation relates to the
homomorphism of the coproduct. The subsequent three appendices are devoted to various
useful formulas in computation.

2 Gamma matrix formalism

We shall introduce a three-dimensional gamma matrix and reformulate the exceptional Lie
superalgebra (2, 1;¢), its € — 0 limit psu(2[2) x R3 and their representations [8, 16] in
terms of the gamma matrix.

2.1 Algebra

The generators of the exceptional Lie superalgebra 9(2,1;¢) consist of three orthogonal
sets of su(2) triplet bosonic generators R%,, £%g, €% (subject to the traceless condition
Re, = £%, = €% = 0) and an octet of fermionic generators F*** where all indices a, a, a

run over 1 and 2. The non-trivial commutation relations are given as

(939, 4] = 65R%y — 03RS, [£%5, £75] = 61L% — 03875, [€%, €] = 65€% — 53€5,

% According to [19], there is a standard method to prove the Serre relation for the evaluation representa-
tion of the Yangian algebra Y (su(n)) using the so-called nesting relation. We do not adopt the method here
because we are also interested in the question whether the representation of the exceptional algebra (2, 1; )
constructed in [16] admit the evaluation representation, where the method seems not to be applicable.



1 1
[mab’gcvc] _ 553("“ - §5g3cyc’ [gaﬁ’gcvc] _ 5ggcozc - 5553cyc7
[Q:ab’ gcvc] — 5;gcva _ %588@%,
[gaoza7 3bﬁb] _ aeakeaﬁeahmbk + ﬁeabeaneahgﬁﬁ + ,yeabeaﬁeaEQ:bE. (2.1)

where the constants «, 3, v have to satisfy a4+ 3 + v = 0 due to the Jacobi identity.
Since the overall rescaling does not change the algebraic structure, the only one relevant
parameter which characterizes 9(2,1;¢) is ¢ = —v/a. This exceptional algebra has a
well-defined two-site quadratic Casimir operator (1.5), which enables many studies of the
algebraic properties [16]. To reproduce the centrally extended superalgebra psu(2[2) x R3
without encountering the singular behavior, we shall rewrite

a=-1, B=1-¢ ~v=¢, €%=C%/c. (2.2)

for the parameters «, (3, v and the last bosonic su(2) generator €%, (which becomes the
centers of psu(2[2) x R3) and take the limit ¢ — 0.

Now let us regard each of three orthogonal sets of su(2) as so(3) and define three
kinds of three-dimensional gamma matrices (y2)% = (Vﬁ,)K . (where the uppercase latin
character A = (A, A”) denotes either of the lowercase latin character a = (a,a’), the greek
character a = (o, @) or the german character a = (a,a’)) as

1 1
(AYE L = (WA = M () 068 + ep bt = /2 (555,524 — 50F 5;‘,). (2.3)

V2

Then, the gamma matrix satisfies the canonical Clifford algebra,
(ML) n+ (B L = 205945, (2.4)
with the metric defined as
gAB = 58,69, — %5@53, gap =65 64" — %5,4’55’, op =05 08 — %53‘/55’. (2.5)

Note that in the metric we subtract the trace part, so that the degree of freedom is
64 = 3, which matches the dimension of the adjoint representation of su(2). Note also

that (y4e)KL = (yA)K Ml and (eyd)gr = exm(y3)Mp are symmetric under the
exchange of K and L, while the symmetry of the product of two gamma matrices reads
(v Bt = —(yBy etk

Using these gamma matrices, the structure constants now take a simple form

magp 1 a_b ezttt —1 . aip Bk
c = —Tr , eye = 7= 050¢,
fiﬁ \/5 (707’7) fS'V \/5('7)07 c
aaa bBb [0
fi)ﬁics s %(’)’ce)abeaﬁﬁab,
o a8 1 o =bBb —1
Fer & \/ETr(%,ya,yB)’ Frene S8 = ﬁ(va)ﬁydfjéf,
aca xbBb B B _ab_ab
fm& U i— —=(4€)* €™,
V2



a b
fe & = —=Tr(77*), fzere

Cc'y7

Q:ugbﬁh_—l(uh b 53
= —=(1")"dc0
V2

f@c Faoa Sbﬁh _ (7(6) abEGbﬁaﬁ, (26)

Sl Sl

with those whose indices are lowered being

a2

o
Jragome = ETY('Ya'Yb’Yc)a fgaaugbﬁbgqc = ﬁ(e’yc)abeageab,
’ 8
feagper = ETT(’Va’V,B'Y'y), Jgaoagooe gy = E(E’V’y)aﬁeabeaha
_Ynr _ 7 -
f@:“@"@ - ﬁ r('Yﬂ'Yb'Yc% fgaaagbﬁhgc = ﬁ(e’yc)abeabeag. ( . )

2.2 Representation

An (infinite-dimensional) representation of the exceptional algebra 9(2,1;¢), which is a
natural generalization of the fundamental representation 2|2 of psu(2|2) x R3, was con-
structed in [16]. (See also [7, 20].) Using the gamma matrices we have introduced, the
representation is given simply as,
=)l L) = —— = (1))
\/5 m/o T \/5 T/
1 1

k e [ k ¢ [

| ppm) = — \/57 am(GVa)Elbm+E+’r|¢m+E+’[>a ) = — \/57ar+’[(€7u)ﬂbr+’r|¢f+%+’r>,

FU B = —ab e Y a), Ty = b8y €% a), (2.8)

ne|of,) = -

where the index of the bosonic state m is an integer m € 7Z, while that of the fermionic
state r is a half-integer r € Z+1/2. Also, a =1/2 (or —1/2) for a = 1 (or 2 respectively).
Note that a in the subscripts do not contract with any of the superscripts. Finally, af,
and by, is defined as

(am)® = (am —cm) s Om)* = (b —dn) . (2.9)

subject to constraints egpal,b? = « and eabaf;rgbf 5 = —( from the consistency

of the algebra.
In the ¢ — 0 limit, we find that the representation of the algebra psu(2[2) xR is given as

1 1 — —
R ¢") = —ﬁ(va)’“z\tbl% L") = —E(VQ)HAW% x) = C%x),
gaaa|¢k> _ _aaeka|wa>’ gaaa|wn> _ baelia|¢a>’ (210)

where |x) denotes both bosonic and fermionic states and C® is defined as

_ 1 —
@ — Y ey b,  (@e)* = —(a®b° + ab®), (2.11)

V2

Sl

satisfying C*Cq = 1/2.



3 Serre relation

Now let us start the proof that the evaluation representation is compatible with the Serre
relation. As briefly mentioned in the introduction and explained more carefully in appendix
A, the origin of the Serre relation (1.2) stems from the homomorphism of the coproduct

A(T 37,3 + cyelic) = [AF4, (AT, AFC]] + cyclic, (3.1)

and therefore plays an important role in discussing higher grade generators.

After we reformulate the algebra and the representation in terms of the gamma matrix
in the previous section, using various formulas of the gamma matrix, the computation
of the right-hand-side of the Serre relation (1.2) now simply reduces to that of scattering
amplitudes of fermions. Before we embark on the computation, let us make several remarks,
some of which will simplify the computation conceptually or technically.

First, let us note that the structure constant fapc can be regarded as the interaction
among three particles A, B and C [21]. Then, for example, the Jacobi identity (1.1) is
interpreted as a relation stating that the summation of the scattering amplitudes in the
s-channel, t-channel and u-channel vanishes. For a recent argument, see [22].

Secondly, to study the Serre relation (1.2), we have to consider the product of four
structure constants 1,4 f1, 57 fnCE f1 7K. Using the above interpretation, the contractions
can be viewed as particle interactions, where the initial states A, B,C emit/absorb the
intermediate states I, J, K (which interact among themselves) and transit to the final states
L, M, N. Therefore, the contraction can be visualized in the Feynman diagram. (See figure
1.) We will separate our study into four cases depending on the number of the fermionic
generators § in the initial states.

Thirdly, let us study the structure constants of 9(2, 1;¢) more carefully. There are only
two types of structure constants: fzzm o< €y - €€ and fypy < Tr(yyvy) with B standing
for any of the bosonic operators R, £ and €. Every structure constant is factorized
into three sectors corresponding to three orthogonal su(2) subalgebras of 9(2,1;¢). If we
further denote indices of the adjoint representation of su(2) by double lines and indices
of the fundamental representation by single lines, we can depict three auxiliary diagrams
for each original diagram as in figure 2. These auxiliary diagrams enable us to study each
sector separately.

Fourthly, we find that the contribution simply vanishes, if € = ¢ appears in the
initial or intermediate states. This can be easily shown by noting the e-dependence of the
structure constants,

&8 =0(N), /5% = 0(h), 155 = 0(),
feze = 0™, fesz = O(). (3.2)

If ¢ appears in the initial or intermediate states, € appears in the superscripts and we have
to pick up a factor of €' which vanishes in the limit ¢ — 0, unless we use the singular
structure constant fges = O(e71). If we use the singular structure constant, we need three
structure constants with € in the superscripts to contract all the three subscripts, which
result in the e-dependence of e~ 1e3 = £2.



Figure 1. The product of four structure constants fLAIfMBJfNCKfUK in (1.2) is interpreted
as particle interactions. The initial states (left) emit/absorb the intermediate states (middle) and
transit to the final states (right). Here the solid lines denote the fermionic generators while the
various dashed lines denote the various bosonic generators. The bosonic generators in the initial
states B, B’ B € {R, £} are specified from the left-hand-side of (1.2), though those in the in-
termediate or final states are summed over R, £ and €. Each summation denotes the case with
0,1,2,3 fermionic generators § in the initial states, respectively.

Finally, there is a Zo symmetry. If we exchange simultaneously the generators R and
£, the parameters a® and b® and the states |¢) and |¢) (with an appropriate change of
signs coming from the parameters o and [3), all the equations remains correct. Namely, it
is enough to study half of the relations.

After all these remarks, let us start the computation. In the calculation, it is useful

JM 3N} first, which we summarize in

to compute the totally symmetrized generators {J,
appendix C. Then, the computation can be easily performed with various formulas of the
gamma matrix collected in appendix B.

To summarize the results, we shall introduce here a new notation

~(A 424
chiczcg[BlBﬁﬂ =(=)

X {301 5 3027 ~03}]06’114131 szAQBQngASBSfB1BzB3' (3'3)

B1 (AQ + B2 +A3+BS)+BQ (AS +BS)

Hereafter we abbreviate the symbol |A| introduced after (1.1) simply as A when appearing
in the exponents of the sign (—) to avoid unnecessary complications.
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Figure 2. Auxiliary diagrams are depicted for two types of the structure constants, fzzm
ey-€e-eand fopys o< Tr(yyy) with B € {R, £,¢C}. Since every structure constant is factorized
into three sectors corresponding to three orthogonal su(2) subalgebras of 9(2,1;¢), we can depict
three auxiliary diagrams with three different colors for the original diagram. Here double lines
denote indices of the adjoint representation while single lines denote those of the fundamental
representation.

First, let us concentrate on the case with three bosonic generators in the initial states.
Since the initial states do not contain €, the initial states can be (R, 0%, R), (R,R, L),
(R, £, L0), (£,£,L£). We start with the case that the initial states are (R, R, 9R). When act-
ing on the bosonic state |¢), the result vanishes after summing over the cyclic combinations,

~(RRR ~(RRR ~(RRR ~(RRR

I ooy P0|0) = 0, (3o 79881 + I goray 1598 + J{namey B890) [6) = 0, (3.4)
while when acting on the fermionic state [¢)), each term vanishes independently. Let us
turn to the case with the initial states being (R, £, £). Similarly, when acting on the

bosonic state, the symmetric sum vanishes,

I 53110) = 0, (3 ag) 8981 + I 5ge 18591)[6) =0, (3.5)
while when acting on the fermionic state, each term vanishes separately. The remaining ini-
tial states (MR, R, £) and (£, £, £) can also be seen from the above-mentioned Zy symmetry.

Next, let us study the case with two bosonic generators in the initial states. Again due
to the absence of € in the initial states, we have only to study three cases with the initial
states being (R, R, F), (R, £,F), (£, £,5). Let us start with the case with the initial states
being (R, R, F). This time, the following combinations vanish on any state |y) including
the bosonic one or the fermionic one.

(3 ?9?{9;?} [RRA] + J ?;?% (733 + J ?g;f‘i)} 593%)[x) =0,
~(RR (AR
(3 g?%), (733] + J i?;% 39%%1) [x) = 0,
3%%)[33 I[x) =0, 3?§§*§>[m!x> =0. (3.6)



If the initial states are (R, £,§), then all the contributions are proportional to a single state
with different coefficients. Though it is difficult to specify which combinations of diagrams
cancel among themselves, we find it interesting to note that the pairs with SR and £ almost
exchanged cancel each other.

~(RL ~(RET)
~(RL ~(RET)
~(RL RLEF)
(‘Jii**&?} (758 + ‘Jimg} )’X> =0,
~(REF) - ~(REF

3333 B8IX Jiz53) i552lx) = 0. (3.7)

Also, the case with (£, £,§) is known from the Zs symmetry.

Subsequently, the next subject is the case with only one bosonic state, namely (R, §, §)
(with (£,F,%) seen from the above Zy symmetry and (€, ,J) vanishing by counting the
e-dependence). When acting on the bosonic state, the result is proportional to a single
state again. Since it is difficult to explain which combinations cancel among themselves,
we shall list up the results.

~(RTT)
{RET)

[(RST] + f{?&g% [RRNA]

~(TT)

(3 ey 3581 + [3 o) (73531 -+ sym] + 3

+ [‘jf{?g{?} (3% + sym] + [J ??g% [33%R + sym] + [J

{3€3}
+ [oi?%@’} (552 + sym] + [J imﬁ 552 + sym] + 375 (53¢ + sym ) 1)|6%)
k

(339 + sym]

{SQS}
3 3 3 3

5 3 1 9
= (=2 Siqy_2_°2 )ﬁw hc[ a cb} ! _
(2404 H1 72— 24 5=+ (%] I6), (38)

where sym denotes the symmetric combination under the exchange between the second
particle and the third one in the intermediate and final states and we have specified the
indices of the initial states as (%, §7°, 7). When acting on the fermionic state, each
symmetric combination in the square parenthesis vanishes separately.

Finally, let us study the case without bosonic generators in the initial state. As in the
case of (R, £,F) there is a simple rule of the cancellation. We find that the diagrams with
R and £ exchanged cancel each other. Namely, the cancellation happens as follows.

(3 Sy (539 + 35, (389 + cye) [x

(3%59?3} [33€] + dgg%} (3379 + cyc)|x

(3%@} (3% + 3%@} 352 + tot sym)|x

~(3&3
{&3}

[33¢] + tot sym)|x

~(3T3)
(3 gy 8570 +
~(3T3)

1557 + d{£¢3}

~(FTS)
§59+ o)

(3 gé?} [RR%] + J {%%} [eeg]

-~ (559)
(3 es)
(55%)

)x) =
)x) =
)x) =
339 + cyc)|x) =
)x) =
(3 iz (557 + tot sym)|y) =

)|x) = (3.9)
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where cyc denotes the summation over the cyclic rotation of three particles in the inter-
mediate and final states and tot sym denotes the totally symmetric summation.

To summarize, we have proved that the right-hand-side of the Serre relation (1.2)
vanishes on the representation, which enables the fundamental representation of psu(2(2) x
R? (2.10) to be the evaluation representation for the Yangian algebra.

4 Higher grade generators

As we mentioned in the introduction, the meaning of the Serre relation is to impose con-
straints on the higher grade generators [12]. Namely, in terms of the BRST charge Q, the
Serre relation (1.2), stemming from the homomorphism of the coproduct A(Q( [§ §])) =
Q([A§, A:ﬂ) (3.1), takes the form Q([‘j \j]) = ‘j schematically, which puts constraints on
the commutator of the grade-1 generators [J J] As we have studied the Serre relation in
the previous section, let us now turn to the construction of higher grade generators.

It is natural to expect that tAhe grade-2 generator is generated by the commutator of

the grade-1 generators [:7\, :ﬂ = QJ+ X , namely,

37,39 =34 £ + XBC. (4.1)

The inclusion of an extra term X5 is inevitable from the constraint of the Serre relation,

which requires X B¢ to be subject to the condition QX = 33, or explicitly,

hQ
X(A|DfD\BC) _ ﬁ( ) I(B+C) +JC{ ~M7~N}f Al g BJ ¢ CK £ 0r) (4.2)

with the symbol (A|-|BC') in the superscripts denoting summation over the cyclic rotation of
A, Band C w1th the suitable Grassmannian charges. Note that there is a gauge ambiguity

to shift X and \j simultaneously by X — X — QY and \j — ‘5 +Y.

For the case that the quadratic Casimir operator of the adjoint representation ca (de-
fined by f42¢ fopp = c2gap) is non-vanishing, there is a simple choice of the gauge fixing
condition Q7' X = 0, namely, XB fop?/c, = 0. In this gauge, we can solve (4.1) for the
grade-2 generator and arrive at the canonical definition of it [12],

2 1 25 2
3= E[JB,JC]JCCBA, (4.3)

Note that the expression (4.3) is a symmetry of the R-matrix and the normalization is
compatible with the evaluation representation J24 ~ (iu)"J4. By plugging the coproduct
of the grade-1 generator

- ~ h
A =3 01+103%+ §3M @ IV faar?, (4.4)

into the expression of the grade-2 generator (4.3), the coproduct of the grade-2 generator
is found to be

I~
A =3 el+1e3t 5 (Y @3V +3Y @ 3) fwar? (4.5)
h2

8_02(_)10 ({35, M@V + (—)NEAMIN @ (38 M) 1.8 i C fnarfos™.
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Note that the results (4.3) and (4.5) rely heavily on the fact that the quadratic Casimir
operator ¢y is non-vanishing. However, for the superalgebra we are considering now it is not
difficult to show ca = 0 even for the e-deformed exceptional superalgebra 0(2,1;¢). In this
case, we have to take another suitable gauge fixing condition. To respect the compatibility
of the evaluation representation in (4.1), the extra term XP¢ must be vanishing on all
states. Therefore, it is natural to choose a gauge so that

XBy) =o. (4.6)

Then the problem is reduced to find an expression of XB¢ which satisfies the Serre rela-
tion (4.2) and the above gauge condition (4.6) simultaneously. A naive candidate coming
from the derivation of the Serre relation in appendix A is (See e.g. (A.2).)

v BC L B G nl AM ANy BIp CJ

X =0 ()T ST T e v (4.7)
As the computation in appendix A, using the Jacobi identity twice, we can show that
this expression XBC is a solution to (4.2). However, this is not compatible with the
condition (4.6). Actually, using the formulas summarized in appendices B and C, it is not
difficult to show that XBC takes the following form on the fundamental representation of
psu(2]2) x R3,

h2

XP) = —2- o1

[37,31)- (4.8)
In order to satisfy the condition (4.6), we can improve X without violating the Serre
relation (4.2) by subtracting the commutator since it is a Q-exact term, or schematically
X — X — QY. Finally we adopt the following expression for X B¢

1 h?

xBC _ _2.
3 24

<(_)IC{3L’ M, ~N}fLBIfMCJfNJI _ 63AfABC) . (4.9)
Note that the relation (4.8) is interesting by itself. As mentioned above, )Z(A‘DfD‘BC)
(or QX) is equal to the right-hand-side of the Serre relation (1.2) at the algebraic level.
Since (4.8) indicates that X is Q-exact on the representation, this gives an alternative
proof of the compatibility of the evaluation representation with the Serre relation, which
has been directly proved in section 3. This argument will be important in the next section.

As the final project of this section, let us construct the coproduct of the grade-2
generator by requiring the homomorphism of the coproduct for the grade-1 commutator
A([ﬁA,\QjB]) = [A§A,A§B]. Using the commutator of the grade-1 generators as in (4.1),
we can write down the coproduct coupled with the structure constant as,

AF 47O = [ATP, ATC) - AXPC. (4.10)

The reader may worry that the quadratic Casimir operator co may appear again on

the left-hand-side when we solve for the grade-2 generator A:”j\A. However, this is not
the case. Because it can be shown that the right-hand-side is also proportional to the

- 12 —



structure constants f42¢, we find a solution of the grade-2 generator just by dropping the
same structure constants. More precisely, the vanishing of ¢y in the superalgebra 0(2, 1;¢)
(and its limiting case psu(2|2) x R?) is a consequence of summing over all the bosonic and
fermionic intermediate generators B and C' in f 4 B¢ feBp = cogap. However, if we fix the
intermediate generators and sum only over all the indices of the generators, the result is
proportional to the Killing form gap with a non-vanishing coefficient,

BzC
™™ feqpon = —40ggama, fraS S frognpme = 4agpama,
mb 3
fSA ngSCERbSD = —§C¥ggAgD,
B oy B
f£a£ < Jevepos = —4Bgga g5, fzag Scfschsﬁ = 489 ¢a g5,

c 3
ngQBS fgcsﬂgD = —5593A3D,

b ¢ B ~=C
fea O feegpe = —47geaeo fea S frogper = 47geace,
b 3
5285 frowsn = —5 795450 (4-11)

where we have introduced the capital Latin letter A temporally to represent all of the
fermionic indices (a,a,a) for the notational simplicity. The Killing form of the bosonic
generators is proportional to the metric ggpasp = —Qgab, goa g8 = —B9aB, Jgagd = —VGab,
while that of the fermionic ones are ggags = €4p€ap€ap. Therefore, when the right-hand-side
of (4.10) is proportional to the structure constant f42¢, we can restrict the intermediate
generators B and C' to specific generators and obtain the grade-2 generator without using
the quadratic Casimir operator co.
After all, the explicit form of the coproduct is

= = =~ A o~ R
AP = o113+ (M 03 + 3 e IV) v’
h? ~L ~ ~ - o
_ ﬂ({‘jL"JM} ®\jN + (_)N(L—i—M)‘JN ® {\JLan})fLAIfMNI, (4.12)

which is obviously the symmetry of the R-matrix by the construction (4.10) and valid
even if cg = 0.

5 Lift to exceptional superalgebra

In our discussion of the higher grade generators in the previous section, we have found a
simple expression (4.2) for the right-hand-side of the Serre relation in terms of X% (4.7).
Namely, the compatibility of the evaluation representation reduces to the equation

XD ¢ 1BO) — g, (5.1)

when acting on the representation. For the previous case of psu(2|2) x R3, it is surprising
to find that actually (4.8) holds. Then, the compatibility (5.1) is automatic from the
nilpotency of the BRST charge Q (or the Jacobi identity). In this simplified expression, it
is not difficult to find that the above argument is still valid for the case of the exceptional
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superalgebra 0(2, 1;¢). Namely, using the formulas in appendix D for 9(2, 1;¢), after some
computation we find a relation which is a natural lift of (4.8),

~ h2
XBC|X> = 20[6 : ﬂ[\?BaJC]bda (52)

where the indices B and C run over all generators including €%. This final result implies
that the infinite-dimensional representation of 9(2,1;¢) (2.8) is also extended to the
evaluation representation of the Yangian algebra. Since the expression is parallel to the
case of psu(2|2) x R3, the higher grade generators can be constructed similarly as in the
previous section.

6 Discussion

We have proved that the evaluation representation adopted in the AdS/CFT spin chain
model is compatible with the Serre relation of the Yangian algebra for both the cases
of psu(2[2) x R? and 0(2,1;¢). Conceptually, the Serre relation imposes constraints on
higher grade generators. Therefore, it is inevitable to prove the Serre relation in order to
proceed to the infinite symmetry of string theory. Technically, we have introduced a new
formalism for the algebra and the representation via the three-dimensional gamma matrix.
We have also found that the generator XBC coming from later discussions on higher grade
generators is useful to simplify the proof. We believe that our formulation can further apply
to many related computations as well. For example, the determination of the R-matrix for
the fundamental excitations [8, 23] and the bound states [10] should be done in a much
simpler way using our gamma matrix formulation.

We also analyze the higher grade generators, where we find that the argument and the
formula become subtle and singular because the quadratic Casimir operator of the adjoint
representation ¢y is vanishing. Here by changing the gauge fixing condition we propose an
alternative non-singular construction of the higher grade generator which is a symmetry of
the R-matrix and at the same time compatible with the evaluation representation.

Let us list several further directions to conclude this paper.

As we have suggested in the introduction, the compatibility of the evaluation repre-
sentation may indicate a close relation to the string worldsheet theory. The fact that the
evaluation representation is lifted to the exceptional superalgebra 9(2,1;¢) may imply its
string interpretation. We would like to pursue this possibility further in our future work.

In our simplified proof, we introduce a generator XBC and find that it is proportional
to the commutator [JZ, 3] on the representation. Since it can be seen directly from the
definition (4.7) that XBC is antisymmetric (in the generalized sense) and the result has to
transform canonically as the product of 3 and J¢, it is not surprising to find the propor-
tionality. What is surprising is that all of the results come with the same proportionality
constant. Our understanding would be clearer if we can rewrite the proportionality con-
stant —2 and 2a0 in (4.8) and (5.2) in the terminology of the representation theory. The
value of the quadratic Casimir operator for 9(2,1;¢), 7°x) = (af8/47v)|x) would be a clue.

A topic related to our motivation of constructing higher grade generators is the univer-
sal R-matrix [17, 24], where the Chevalley-Serre basis is conventionally adopted. It would
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be great to find the universal R-matrix both for psu(2[2) x R? and 9(2, 1;¢), which contains
all of the higher grade generators.

An interesting proposal that the conventional and dual superconformal symmetries
form the Yangian algebra together was made very recently [25], where the vanishing Casimir
operator co = 0 plays an important role in the consistency. We would like to understand
the relation to our present discussion.

Since the interacting theory of string theory is not so different from the free theory
locally on the worldsheet and since the correspondence between gauge theory and string
theory works well also at the interacting level [26, 27], it would be interesting to study the
integrability at the interacting level more extensively and define interacting string theory
with Yang-Mills theory.
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A Homomorphism of coproduct

In this appendix we would like to explain that the origin of the Serre relation stems from
the homomorphism of the coproduct of the grade-1 generators defined in (4.4). The result
in this appendix is well-known and also appears previously in, for example, [12, 19]. The
reason we recapitulate it here is because of the possible sign ambiguity in dealing with the
superalgebra. In sections 3-5 we have found many cancellations and simplifications, which
do not happen if we take the wrong signs.

Let us start with computing [AJ4, [ATB, AJC)] = [AF AT/ f;5C]. From the
expression
~ 1 ~P ~ ~Q ~ NP A~ ~Q ~
7 @393 037 = S () (RT3M e 3937 + (33 e 39.5T), (A

we find that the terms with only Lie algebra generators are given as

h2
e 8 (=) AN A e P f5PC

x ({35, 3M} @ G + (—)NEFMIGN @ (58 5MY). (A.2)

[AF4, (AP, A3

Here the signs can be interpreted as the Grassmannian charges when we contract the
superscripts with the subscripts in the canonical position of the spinor indices as in (1.2).
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We can continue the computations keeping the above interpretation of the signs system-
atically. For this purpose, we have to introduce an extra sign (—)(P+Q)(R+S+T), even if
we simply commute JV fxF? with the bosonic structure constants f#57. Further, using
twice the Jacobi identity

Fur? f55¢ = —(—)KBHO) f BT 00— ()CEAB) £,0 £ B,
It fie g€ = —(2) D INOE frep — () IVFO) pn K 1, (A.3)

and noting {J°, JM} AL f2,C7 = (—)ATDCHDLFE MY £, CT £, AL finally we arrive at

the expression

o ~ N R, . N N L o~
[AF4, (AT, AJCH(Lie -3 ({35, 3My @ g + (-)NEAMIGN @ (5F M)

% ((_)JC+I(B+C)fLAIfMBJfNCKfKJI

+ (B EA B g™ frep€ = (=)PATCATB f Clp AT b K el B). (A4)

Adding the terms coming from the cyclic rotation of (A, B,C'), the second term and the
third term cancel each other while the first term becomes totally symmetric in the indices
L,M,N. The final form indicates that the mapping of coproduct A is homomorphic with
respect to the bracket product (3.1) if the Serre relation holds.

B Useful formulas of gamma matrices

Here we collect some of the formulas of the gamma matrices. First using the definition of
the gamma matrices (2.4), we can show the following ones without difficulty.
(v*ya)% L =307, (vBytye) L = —-(vhE L
(vEr*Pre) L = (Y4B + 2By, Tr(v497) = 2947,
Tr(yA7 P79y P) = 2(gAP 9P — gACgBP + gAP¢BC). (B.1)

If we further combine the use of the Fierz identity
(M L(ra)™n = 20561 =L oN = —V2( )M w, (B-2)
we also find that
Te(y AP ) (ve) 1 = 20 B) " L — 61 g*P),
Tr(vAvBAE) Tt (7CyPryg) = 4(—gACyBP 4 gAD 4BC), (B.3)
Note that the last formula is nothing but the famous one eaApgecpr = dacdBD —0ADIBC

for A,B,---=1,2,3.

C Totally symmetrized generators

It is useful here to summarize the action of various totally symmetrized genera-
tors {34,38,3°) appearing in the computation. We classify the formulas into four
cases depending on whether the totally symmetrized generators and the states are
bosonic or fermionic.
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e {bosonic}|¢)

1
\/5( bc,ya_{_gca,yb_{_gab,y(:) l|¢l>’

{]me, RO, €Yg") = 3C7g"|g"),
{72, €, T ¢h) = —3V2C°T (%) |6,
{ma73bﬁb’ gc’yc}’¢k> _ _667 |:(,ya6)bc('5lk(ae)bc +

{Re, WP, M) =

%Ebcm/a)klebc] ‘¢l>7

(22,890, 57 0¥) = 30207 | et (@) — oforee] o,

(€0, F0 FY k) = —56“&“ [2@{%)1’0@)“ — e’”é{“eh‘} |61). (C.1)
e {bosonic}|y)
1
{£, P eV} y") = —ﬁgﬁwa +g7%P + g Py )R\ ),

{’Qav £B7€c}‘wn> - 3ECQOLBW}H>7
{£%,€°, €Y yr) = =3v20°C(v*)"A[v™),

(31,35 = 5070 [P0 + (507 )
(82,5998 510 = =] (%M@ - P 2),
(@55, 57 ur) = 50 50" @ + S| Y. (c2)
o {fermionic}|¢)
{R2, ®°, 3T ") = —a‘g P |),
(9. T 7Y ) = 5007 ),
{£>, 2P, 5 o")

—atehg® By,
_ 3
{ga’Q:b’gc'ycH(bk> ﬁcbacekC(,ya)W/)\‘w)\%

{|?, 22,57 ¢") = —5a"(y7e) " (2F) ),
{Eu Eb gc'ycH(bk> _ 66“6[’ c kc‘wfy>
{gaaa gbﬁb Src'yC}|¢k> (baahac + bbacaa+ bea® ) kl(ebc(gizefya&f _ Eca5?66y5§\z)|w)\>‘
(C.3)
e {fermionic}|)
{9‘{0', 9{b7 3cyt}‘wm> bcgabefw‘(bc>

Re Eb cye K Cbbc Ky l
{Re, C,F7HY") = 7 (V)1 "),
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{22, 8P T ") = b g*P|¢),

o b ~cye m__i
{2 ,Q:,gy}|¢>— \/5

1
{]e, 27,57 ") = S () (7)),
{EU.’Eh’ 3cyt}‘wm> _ 6Eu6bbcefw‘¢c>7
{gaaa’ gbﬁb,gcvc}|wn> — (aabbbc + abbcba + acbabb) EHA (Ebc(;laeﬂ/aéf _ Ecaélbeﬁfyég) |¢l>
(C.4)

Cob(70)7]7).

Note that the combination ebcélae“faéf — ecaéf’eﬁ“féf in the right-hand-side of the last
lines in (C.3) and (C.4) does not seem to respect the totally symmetric property of
the left-hand-side at the first sight. However, there is an interesting cyclic property
in this combination,

oG] — eaPPIFY = €5t e P§] — Wi = ope1o% — beares), (C.5)

which can be easily proved from ebc5f—|—ec“6f’—|—e“b5f =0 and 65753‘—#670‘55—{—60‘551 = 0.

D Formulas for exceptional superalgebra

In this appendix we shall see how the expression of the totally symmetrized generators of
psu(2]2) x R? in the previous appendix is lifted to the case of the exceptional superalgebra
0(2,1;¢). Our strategy is to search for a product of the generators which looks simpler but
has the same action as the totally symmetrized generators. A naive guess is to rewrite the
gamma matrices 7*; and 77 in (C.1)-(C.4) into generators R and £, and the coefficients
a, b and C into generators § and €. Since the the generators do not commute with each
other in general, we have to take care of the ordering carefully. Here for simplicity we shall
abbreviate the indices of the states as |¢) = |¢%)), |) = [¢%), because the formulas do not
depend on the indices.

e {bosonic}|¢)

{‘ﬁ“,‘}ib,ﬁ%c}w) — (gbcma +gcamb + game)|¢>,
{]e, R, €Y g) = 3¢°g™g),  {R?, €%, €Yg) = 3RHE®, €Y g),

{%a’ gbﬁb,gcwc}|¢> — _EB'y [aebcebcma + ’Y(’}/aE)bc(QtE)bc] |¢>’
(22,59, 5796) = 50°0%" a9 Foe 4 1e()* o)
(€58 57 0) = S| e (3 (e, (8"}

— a(v“e)b‘) + (B — v)ebceb‘Qiu] |). (D.1)
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e {bosonic}|y)

{22, 2P £7}ih) = (gP7L> 4 g7*LP + g*P LY |y),
{£2, 2P € }y) = 3¢ g™P|y),  {£%, €0, Y y) = 3£{e®, ¢} y),

O L R R o [}
(£, 390,57 0) = e Bereee 4410 (0 10,
(€558, 57 w) = e (297 (e, (¢0)
- 86t0%) + 35— jo). (D2)
o {fermionic}|¢)

{%a, 9{b7 3C’YC}‘¢> _ gabgcyc‘(b%
{%a, Q:b7 3cwc}‘¢> _ L(,ya)cd |:23d'yc¢b + Q:bgd'yc] ‘¢>’

V2
{£2, 28,37 9) = g*PF9),
{Sa, Q:b,gcvc}|¢> — \_/_%(,ya)“fé |:2Q:b3rc5c + %’C‘chb] |¢>’

193,28, 59 6) = — (1) 025519,
(€€ 57916) = 5 [31{€%.€),57 - 4"57 o)
{3,390, 37Y¢) = _71 {?w {307“(%6)“”6“5 (2
e
# [ad5e (3050 + B0 050
200G 85 54 o (D.3)
o {fermionic}[v))
[}, R, 3N w) = 90T ),

{%a, Q:h7 3cyt}‘w> _ ;_;(,Ya)cd |:2Q:bgdyc + gdvcczh] ‘w>’

{SOL?’QB?ch}hm - gaﬁgc'yc’w>7
1
{Sa, Q:b,gc’\/t}|w> — ﬁ(,}/a)"/é 230(%@[‘! + Q:b%rasc] |7,Z)>,
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—1
(7%, 2,57 ) = S (19)°a(r) 3% ),

(€, € 57910) = 5 [30(€" e h 57 - %5 10,
[3a0n, G0 Ferey |y — _71{37[(%6)ab6aﬁ(¢6)abgc’yc
b EEIE (Fe) () — %Eabeaﬁeabgcyc]
+ [04536%(736)&5(756)&[’ + B(15€) 67 e (75e)™
#2038 |59 1o, (D.4)
In deriving all these expressions the formulas we need are
(349799 = U1, 971.9 + 57 (1941007 + [5.90.371 ),

{R*, R°}g) = “”|¢> {e, 2"}|¢>=g°‘ﬁ|¢>

(575, 57 0) = % [y(Fhe)'e ()" + Lebee]g),
(877, 57 ) = —e [y (B ()" + geﬂvebC] ), (D.5)
while the following formulas
€ecld) = 5528+ a)6). €t} = 55206 + B,
5(@) ulg) = - “}wsm‘w (@)1a70)0) = 27 D),
5y =~ Dgeaty), (@) a5 ) = “}w 50), (D)

are also useful for further calculations in proving the compatibility.
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